Let G be a graph whose each component has order at least 3. Let s : E(G) → Z k for some integer k ≥ 2 be an improper edge coloring of G (where adjacent edges may be assigned the same color). If the induced vertex coloring c :
1. Introduction
Definitions and Literature
Throughout this paper all graphs are simple with no loops and multiple edges. Let G be a graph. We denote the vertex set and the edge set of G, by V (G) and E(G), respectively (or simply V and E when no ambiguity may occur). For v ∈ V (G), E v denotes the set of all edges incident to v and N G (v) denotes the (open) neighborhood of v in G; when no ambiguity may occur we just denote N (v) = N G (v). We denote respectively by K n , P n and C n the complete graph of order n, the path or order n and the cycle of order n. A k-clique is a set of k vertices inducing a complete graph and an independent set is a set of vertices pairwise not linked by an edge (i.e., inducing a subgraph with only isolated vertices). K p,q will denote the complete bipartite graph with parts of size p and q. If p = 1, then it is star graph and the vertex of the part of size 1 is called center.
A (proper) k-vertex coloring of G is an assignment of k colors to the vertices of G such that no two adjacent vertices have the same color (possibly some colors are not used). Given such a k-vertex coloring, a color class is the set of vertices of the same color; it is an independent set. A graph having a k-vertex coloring is said k-vertex colorable. The chromatic number χ(G) of G is the minimum k for which G is k-vertex colorable.
A k-edge coloring of G is an assignment of k colors to the edges of G (possibly some colors are not used); it is said to be proper if two edges with a common endpoint do not have the same color, and improper if it is not necessarily proper. Note that the distinction between proper and improper colorings exists as well for vertex colorings but since we will not use it (formally since all our vertex colorings are proper) we specify proper/improper for edge colorings only. The minimum k such that G admits a proper k-edge coloring is the chromatic index of G denoted by χ (G). Integers will be used to label colors, which will give us the opportunity to compute operations.
A walk in G is a sequence W = v 0 e 1 v 1 e 2 v 2 . . . , e k v k , whose terms are alternately vertices and edges, such that e i = v i−1 v i , for 1 ≤ i ≤ k. The number k is called the length of the walk. A walk is called a closed walk if v 0 = v k . The reader is referred to [9] for all definitions in graph theory which are not defined here.
For any integer k ≥ 2, we will denote by Z k = Z/kZ the additive group over {0, . . . , k − 1}. For x, y, z in Z k , x + y = z in Z k is also denoted z = x + y mod k. For any two integers, we will denote x ≡ y (mod k) if 0 = (x − y) mod k.
In the literature, we can find a number of results about proper or improper edge colorings inducing a coloring for vertices by mapping, for any vertex v, the multiset of colors of the edges adjacent to v to a vertex color. Such a mapping is called vertex-coloring mapping; see [15] for variations of such colorings. Given a vertex-coloring mapping, an edge-coloring is called vertexdistinguishing if the colors induced by the edge coloring are different for every vertex. The edgecoloring is called neighbor-distinguishing if only adjacent vertices have different induced colors, see e.g. [12] and [1] . Neighbor-distinguishing edge colorings are also called vertex coloring edge partitions in [1] . Chapter 13 of [6] is devoted to distinguishing colorings.
These notions strongly vary with respect to the vertex coloring mapping, i.e., the way the vertex colors are induced from the edge colors. For instance, in [1] , the color of the vertex v is directly the multiset of the colors in E v while in [12] , the color of a vertex is obtained as the sum of the colors of the edges incident to it and the related parameter is called sum chromatic number. This definition gives rise to the "1-2-3 Conjecture" which states that for every connected graph G of order at least 3, there exists a neighbor-distinguishing edge coloring of G using only 3 colors. A variation of the sum chromatic number obtained using Abelian groups is called the group sum chromatic number and studied in [3] ; it is the smallest value s such that taking any Abelian group G of order s, there exists a function f : E(G) −→ G such that the sums of edge colors properly color the vertices i.e., with different colors on adjacent vertices.
Another popular vertex coloring mapping uses the specific group Z k , where k is at least the number of colors used for the edges. If the edges are colored using colors between 0 and k − 1, seen as elements of Z k , then one assigns to a vertex v the sum in Z k of the colors of the edges in E v . More formally, let G be a graph the components of which have order at least 3. Let s : E(G) → Z k for some integer k ≥ 2 be a k-edge coloring of G. We then define c s : V (G) → Z k as follows:
If c s is a (proper) k-vertex coloring, then it will be called the vertex coloring induced by s and s is said to induce c s .
A proper edge coloring s inducing a vertex coloring c s is called a proper twin k-edge coloring of G. This concept was defined in [2] where it has been shown that any graph with components of size at least 3 has at least one such coloring. Then, the minimum k for which G has a proper twin k-edge coloring is called the proper twin chromatic index of G and is denoted by χ t (G).
Similarly, an improper (i.e. not necessarily proper) edge coloring s inducing a vertex coloring c s is called an improper twin k-edge coloring of G. The difference between both notions is only whether one deals with proper or improper edge colorings, but the related vertex coloring is always required to be proper. Since a proper edge coloring is improper as well, the existence of improper twin k-edge colorings for some k comes from the existence of proper ones. The minimum k for which G has an improper twin k-edge coloring is called the improper twin chromatic index of G and is denoted by χ it (G). The same parameter was already studied under the name of modular chromatic index, denoted by χ m (G), in [10] and [11] 1 .
Note that χ it (G) and χ t (G) are not defined for graphs having a component which is K 2 . Following the terminology of [1] we call nice a graph without a component of size 2. However, the definitions are valid for graphs with isolated vertices by considering that an empty sum is null and then defining c s (v) = 0 for all isolated vertices v and all twin k-edge colorings, k ≥ 2. All the graphs considered from now on will be supposed to be nice. By definition, for every nice graph G we have:
In this paper, we deal with improper twin k-edge colorings of G. Note that although they are very close, the group sum chromatic number and the improper twin chromatic index are not the same. In fact, for a graph G, χ it (G) does not exceed the group sum chromatic number of G. Here is an example where the group sum chromatic number is greater than the improper twin chromatic index. Consider the disjoint union of K 4 and K 2 and make one vertex of K 4 adjacent to one vertex of K 2 and call the resultant graph by G. Note that G has order 6 with degree sequence: 4,3,3,3,2,1. The group sum chromatic number of G is 5 since this graph is ugly (see Definition 1.1 of [3] ) and ugly graphs have group sum chromatic number of χ(G) + 1 (see Theorem 1.2 of [3] ). However, the improper twin chromatic index of G is 4 by Theorem 1.5 reminded below. Let us conclude the definitions with a concrete example of improper twin edge coloring. Let P be the Petersen graph. Since P contains an odd cycle, χ(P ) ≥ 3. The assignment of numbers to E(P ) given in Figure 1 shows that χ it (P ) = 3.
Preliminaries
Let us now first underline that some natural properties of the classical edge and vertex colorings do not hold for the improper twin edge coloring problem. Remark 1.1. The notions of improper twin edge coloring and induced vertex coloring strongly depend on the labels assigned to the colors. In particular they are not stable under a reordering of the colors.
Consider indeed the star graph K 1,2 ; the 2-vertex coloring assigning 0 to the center and 1 to the two other vertices is induced by the edge coloring assigning 1 to both edges while the 2-vertex coloring assigning 1 to the center and 0 to the two other vertices is not induced by any improper twin edge coloring. Actually this 2-edge coloring is the unique improper 2-edge coloring. Similarly, considering a P 4 , the edge coloring assigning color 1 to two adjacent edges and 0 to the third edge is an improper 2-edge coloring while the edge coloring assigning 0 to two adjacent edges and 1 to the last edge is not. Remark 1.2. Unlike the usual vertex/edge coloring problems, there are some graphs G with a subgraph H such that χ it (G) < χ it (H).
Indeed, using Theorem 1.5 (see below), we consider m = 2 mod 4 and n = 0 mod 4 with n > m > 2; then χ it (P m ) = 3 and χ it (C n ) = 2. Taking G = C n and H = P m raises infinitely many examples where taking a subgraph increases the improper twin chromatic index. Remark 1.3. Unlike the usual edge coloring problem, there are some graphs G with an improper twin k-edge coloring s such that the restriction of s to E(G) − e for some edge e is not necessarily an improper twin k-edge coloring of G − e.
Indeed, a triangle admits an improper twin 3-edge coloring with colors 0, 1 and 2 on its three edges, however, removing the edge of color 2 leaves a graph with an edge coloring which does not induce a proper vertex coloring. Note however that removing an edge colored with 0 obviously leaves an improper twin k-edge coloring in the remaining graph. Remark 1.4. Unlike the usual vertex/edge coloring problems, an improper twin k-edge coloring is not necessarily an improper twin t-edge coloring for t ≥ k. This is due to the mod t or mod k operations respectively used in the definition of twin tand twin k-edge coloring. Consider indeed a star with a center vertex a and four pending vertices b, c, d, e. The edge coloring assigning color 1 to all the four edges is an improper twin 2-edge coloring but not an improper twin 3-edge coloring.
Our contribution
In this paper we investigate the improper twin edge chromatic index of graphs and we consider, to the best of our knowledge, the first time, the complexity of a neighbor-distinguishing edge coloring problem. The following summarizes the main contribution of [10] and [11] : Theorem 1.5. ( [10, 11] ) Let G be a connected graph of order at least 3. Then χ it (G) = χ(G) + 1 if and only if χ(G) ≡ 2 (mod 4) and every proper χ(G)-vertex coloring of G results in color classes of odd size; and χ it (G) = χ(G) in all other cases.
It should be noted that this result is obtained as a combination of several results from [10] and [11] . In Section 2, we provide a shorter and more compact proof of Theorem 1.5. Actually we obtain a more precise result (see Theorem 2.8) describing a constructive way to build in linear time an improper twin edge coloring using k or k + 1 colors, whenever a k-vertex coloring is provided.
In [11] it is shown that for non-bipartite connected graphs G and odd t ≥ χ(G), any t-vertex coloring can be induced by an improper t-edge coloring. We give an alternative proof of this result (Proposition 2.4) and give a necessary and sufficient condition for a t-vertex coloring with even t being induced by an improper twin t-edge coloring in a non-bipartite connected graph (Proposition 2.6).
Moreover, these two results, together with Theorem 2.2 allow us to establish the following monotonicity property of the improper twin chromatic index for graphs: if a graph G admits an improper twin k-edge coloring for some positive integer k, then it admits an improper twin t-edge coloring for all t ≥ k (Theorem 2.7). Note that following Remark 1.4, unlike the classical coloring problems, this property is not straightforward for the improper twin edge coloring problem.
The characterization of graphs having χ it (G) = χ(G)+1 emphasizes the closely related problem of deciding whether all color classes are of odd size in all optimal colorings. In Section 3, we use this new problem to show that, interestingly enough, just like in the case of usual edge chromatic index which can only take two possible values, it is NP-complete to decide whether χ it (G) = χ(G) even when the graph G is restricted to have χ(G) equal to its maximum clique size and in the bounded degree case.
Finally, in Section 4, we give first examples of graph classes for which this question can be decided in polynomial time. These classes include bipartite graphs, split graphs, co-chordal graphs and co-comparability graphs with bounded chromatic number.
Bounds and Monotonicity for the Improper Twin Edge Chromatic Index
The contribution of this section is two-fold. First, we provide a short and compact proof of the bounds χ(G) ≤ χ it (G) ≤ χ(G) + 1 together with a description of the graphs having χ it (G) = χ(G) + 1. Second, we prove the monotonicity of the improper twin chromatic index.
We first settle both the monotonicity and the bounds for bipartite graphs. More precisely, we show that for every nice bipartite graph G and every positive integer t ≥ 3, G admits an improper twin t-edge coloring.
Given a connected graph G = (V, E), a t-vertex coloring c and an improper twin edge coloring s using colors in Z t , we will say that s almost induces c if there is a vertex v ∈ V such that ∀u ∈ V \ {v}, c(u) = c s (u). In this case v is called the defective vertex. Note that if s induces c then it almost induces it and any vertex can be chosen as defective. Moreover if s is almost inducing c, either it induces it or there is a unique possible defective vertex. The following lemma plays a crucial role in our approach.
, a vertex v ∈ V and a spanning tree T , there is an improper twin edge coloring s that almost induces c with v as defective vertex. Moreover ∀e ∈ E(G) \ E(T ), s(e) = 0.
Proof. We direct the edges of T from the root to the leaves using v as the root. We set ∀e ∈ E(G) \ E(T ), s(e) = 0. Then, starting from the deepest level of T and going up to the root, color the edges e of T with colors s(e) in {0, . . . , t − 1} to ensure that for every vertex u = v, the color of u corresponds to the sum in Z t of the colors of edges of T incident to u. Since s(e) = 0 for the edges e ∈ E(G) \ E(T ), it means that ∀u = v, c(u) = c s (u).
In the configuration described in Lemma 2.1, we will say that s is associated with T and v. Note that this notion is not unique: several different improper twin t-edge colorings can be associated with the same tree T and v. ii) For any integer t ≥ 3 the graph G admits an improper twin t-edge coloring.
Proof. Without loss of generality, suppose that G is connected with at least 3 vertices. For a vertex v ∈ X ∪ Y consider a spanning tree T of G and direct the edges from the root of the leaves using v as the root. Set c(x) = 1 for all vertices x in the same part of the bipartition as v and c(x) = 0 for all vertices in the other part. Using Lemma 2.1, we consider an improper twin t-edge coloring s of G associated with T and v. i) Consider t = 2. Without loss of generality we assume that |X| is even and then, we chose v ∈ X. We then have:
where the first summation is the sum of an even number of 1's and the second summation is the sum of 0's.
On the other hand, by construction of c we have:
Using Relations 1 and 2 we deduce c(v) ≡ e∈Ev s(e) (mod 2) = c s (v). So, c = c s and s is an improper twin 2-edge coloring of G.
To prove the other direction, we proceed by contradiction: assume that |X| and |Y | are both odd and we have an improper twin 2-edge coloring of G. Since G is connected, (X, Y ) is the unique bipartition of G which should be also induced by the improper twin 2-edge coloring. By doublecounting the color of all edges as previously, we obtain a contradiction to the fact that both |X| and |Y | are odd.
ii) We assume now that v is of degree at least 2 in G (G is nice) and consider T such that v is of degree at least 2 in T .
Let a 1 , a 2 , . . . a r be the colors (among 0, 1, . . . , t − 1) of the edges of T incident to v (r ≥ 2). If a 1 + a 2 + . . . + a r ≡ 0 (mod t), then s is an improper twin t-edge coloring of T that almost induces c. Now, if a 1 + a 2 + . . . + a r ≡ 0 (mod t), then we consider two cases. If t = 4, then change the color of edge e 1 = vx 1 from a 1 to a 1 + 2 mod t and the color of edge e 2 = vx 2 from a 2 to a 2 + 2 mod t for some x 1 , x 2 ∈ N T (v) to obtain an improper twin t-edge coloring s . c s (x 1 ) = c s (x 2 ) = 2 and c s (v) = 4 mod t (note that 4 mod t / ∈ {0, 2}). If t = 4, then change the color of edge e 1 = vx 1 from a 1 to a 1 + 3 mod 4 and change the color of edge e 2 = vx 2 from a 2 to a 2 + 3 mod 4 to obtain an improper twin t-edge coloring s . We have c s (x 1 ) = c s (x 2 ) = 3 and c s (v) = 2.
Note that in the case ii), the induced t-vertex coloring has at most 3 vertices with a color greater than 1. The following is a key lemma for the establishment of the monotonicity property and the bounds for non-bipartite case in a constructive way. Lemma 2.3. Let G = (V, E) be a connected non-bipartite graph. Let c be a k-vertex coloring of G almost induced by an improper twin k-edge coloring s with defective vertex v. For any x ∈ Z k such that ∀u ∈ N G (v), c(u) = c s (v) + 2x mod k, the k-vertex coloring obtained by replacing c(v) with c s (v) + 2x mod k is induced by an improper twin k-edge coloring.
Proof. Since χ(G) > 2, the graph G contains an odd cycle, say C. Since G is connected, there exists a path between v and C, say P . We construct an odd closed walk W passing by v as follows: traverse P starting at v and go to C and then traverse C and come back to v via P . Note that each edge of P is traversed twice.
Given x ∈ Z k , add alternately +x, −x mod k to s(e), for each e in W starting from v and consider the vertex coloring induced by this new edge coloring s . All vertices u ∈ W, u = v have the same color since the summation of the colors of edges incident to u is the same (s(u) = s (u)). Vertices outside W are not affected at all and the color c(v) is changed into c s (v) + 2x mod k = c s (v). This new vertex coloring is a proper vertex coloring since the color c(v) + 2x mod k is not used in N G (v) and it is induced by s .
From now on, we deal with the non-bipartite case. We first settle the bounds and the monotonicity for all improper twin edge colorings with odd number of colors. Lemmas 2.1 and 2.3 give an alternative proof of the following result.
Proposition 2.4. [11]
If G is a nice graph without bipartite component and t is an odd positive integer such that t ≥ χ(G) ≥ 3, then any t-vertex coloring of G with colors in {0, 1, . . . , t − 1} can be induced by an improper twin t-edge coloring of G.
Proof. We assume without loss of generality that G is connected since otherwise the same proof applies to every connected component (note that if the hypotheses hold for G they hold for each component). Let f be a t-vertex coloring of G with colors in {0, 1, . . . , t − 1} with t ≥ χ(G). We show that there is an improper twin t-edge coloring s of G satisfying c s (
Consider a spanning tree T of G and direct the edges from the root of the leaves using v 1 as the root. Using Lemma 2.1, we consider an improper t-edge coloring s of G associated with T and v. It satisfies ∀i ≥ 2, c s (v i ) = f (v i ). Let a 1 , a 2 , . . . , a r be the colors (among {0, . . . , t − 1}) of the edges in E(T ) incident to v 1 . We have c s (
f is induced by the improper twin t-edge coloring s. Otherwise, since k is odd (gcd(k, 2) = 1), the equation c s (v 1 ) + 2x = f (v 1 ) mod k has a solution x ∈ Z k . Lemma 2.3 ensures that we can modify s into s such that f = c s (replacing f (v 1 ) by c s (v 1 ) + 2x does not change the vertex coloring f ). It completes the proof.
Remark 2.5. Note that the non-bipartite condition in Proposition 2.4 is required. In particular we cannot improve Theorem 2.2 ii) in the sense that, for bipartite components, only some t-vertex colorings are induced by an improper twin t-edge twin coloring.
Indeed, by Theorem 2.2 i) a 2-vertex coloring of the star graph K 1,3 cannot be induced by an improper twin 2-edge coloring. Moreover, for any even p ≥ 4, the p-vertex coloring of the star graph K 1,p−1 assigning color 0 to the center and different colors from 1 to p − 1 for the other vertices is not induced by an improper twin p-edge coloring since
For any odd p ≥ 3, the p-vertex coloring of the star graph K 1,p−1 assigning color 1 to the center and different colors in {0, 2, . . . , p − 1} for the other vertices is not induced by an improper twin p-edge coloring since
The following proposition will enable us to obtain the monotonicity of the improper twin edge coloring for any number of colors (Theorem 2.7) and the bounds on χ it (G) for graphs with even chromatic number at least 4. Proposition 2.6. Let G be a nice non-bipartite connected graph and t an even number such that t ≥ χ(G) ≥ 3. Then, a t-vertex coloring f with colors in {0, . . . , t − 1} is induced by an improper twin t-edge coloring if and only if v∈V (G) f (v) is even.
Proof. (⇐) Denote n = |V (G)| and V = {v 1 , . . . , v n } and let f be a t-vertex coloring of G with colors in {0, . . . , t − 1} such that t and n i f (v i ) are even. As in the proof of Proposition 2.4 we consider a spanning tree T of G and direct the edges from the root of the leaves using v 1 as the root. Using Lemma 2.1, we consider an improper t-edge coloring s of G associated with T and v 1 . It satisfies ∀i ≥ 2, c s (
If c s (v 1 ) = f (v 1 ), then the proof is complete. Else we claim that f (v 1 ) − c s (v 1 ) is even. Indeed, by definition of s and denoting by E ⊂ E the set of edges in E(T ) not adjacent to v 1 we have:
Since
+ 2x mod t and use Lemma 2.3 to modify s in s such that f = c s . It completes the proof of the first implication.
(⇒) Conversely, suppose that χ it (G) = χ(G). Consider an improper twin edge coloring s using the colors {0, 1, . . . , χ(G) − 1}. This induces a vertex coloring f . We have v∈V (G) f (v) ≡ 2( e∈E(G) s(e)) (mod k). Now, since k is even, the proof is complete. Now, we are ready to show the monotonicity property of the improper twin edge chromatic index for the general case. Theorem 2.7. Let G be a nice graph. If G admits an improper twin k-edge coloring (k ≥ 2), then G admits an improper twin t-edge coloring for all t ≥ k.
Proof. We assume without loss of generality that G is connected since otherwise the same proof applies to every connected component. The assertion vacuously holds for t = k for all graphs. If G is bipartite, the assertion holds by Theorem 2. Finally, the following theorem shows that the arguments can be turned into a linear-time algorithm which constructs an improper twin k or (k + 1)-edge coloring whenever a k-vertex coloring is given. Theorem 2.8. There is a O(|V | + |E|) algorithm that computes, for a nice graph G = (V, E) and a k-vertex coloring of G, k ≤ n: i) if k ≡ 2 (mod 4) and there is at least one connected component with an odd number of vertices of each color, an improper twin (k + 1)-edge coloring; ii) else an improper twin k-edge coloring.
Proof. Given the graph G = (V, E) the connected components can be determined in O(|V | + |E|); we can assume G is connected and apply, for a non connected graph, the same algorithm on each connected component. There is a O(|V | + |E|) algorithm deciding whether G is bipartite and, in this case, computing its bipartition. Note first that operations in Z k can be performed in O(k) time and k ≤ |V |. In particular, if k is odd, determining x such that 2x + y = z requires for instance the Euclidean algorithm [7] . Lemma 2.1 (including the determination of the spanning tree T ) gives a O(|V | + |E|) algorithm to compute, for a t-vertex coloring c of G and v ∈ V an improper t-edge coloring that almost induces c with v as defective vertex. Indeed, it requires ( 1) computing a spanning tree T , (2) assigning the color 0 to edges outside the trees and (3) computing the colors of the tree-edges proceeding from the leaves to the root. All these operations can be respectively performed in O(|V | + |E|), O(|E|) and O(|V | + |E|).
Suppose that G is bipartite. If k = 2 and one part of G is of even size or if k ≥ 3, we use the method described in the proof of Theorem 2.2 to compute an improper twin k-edge coloring inducing c. It requires an application of Lemma 2.1 with the right choice of the root v (either of degree 2 if k ≥ 3 or in an even part of the bipartition if k = 2). This choice requires O(|V |) operations. If k = 2 and both parts of the bipartition are odd, then we apply the previous method replacing k by 3.
Let us now suppose G = (V, E) is not bipartite (of course k ≥ 3). Lemma 2.3 gives a O(|V | + |E|) strategy to modify a given k-edge coloring accordingly. It requires determining an odd-cycle C, a path P from v to C and performing modifications along the related closed walk W . These operations require respectively O(|V | + |E|), O(|V | + |E|) and O(|E|) operations. If k is odd, then we revisit the proof of Proposition 2.4 to compute an improper twin k-edge coloring. It requires one application of Lemma 2.1 and eventually one equation in Z k and one application of Lemma 2.3. If k ≡ 0 (mod 4) or k ≡ 2 (mod 4), k ≥ 4, then we use similar arguments as in the proof of Theorem 1.5, replacing χ(G) with k. If k ≡ 0 (mod 4) or if k ≡ 2 (mod 4) and at least one color class of even size, then determining an improper twin k-edge coloring requires, using the method in Proposition 2.6, an application of Lemma 2.1 and, eventually, one application of Lemma 2.3. Finally, if k ≡ 2 (mod 4) and all color classes are of odd size, then we use the case where k is odd considering the k-vertex coloring as a (k + 1)-vertex coloring.
Since the chromatic number of planar graphs is bounded by 4 [4, 14] , we trivially have the following: Corollary 2.9. Let G be a nice connected planar graph, then χ it (G) ≤ 4.
Hardness of the minimum improper twin edge coloring
This section is devoted to some complexity results for the problem of deciding, given a graph G, whether χ it (G) = χ(G). We restrict ourselves to the class of instances for which a clique of size χ(G) as well as a χ(G)-vertex coloring are given, which allows as to guarantee the polynomial recognition of an instance, a usual assumption in the area of NP-hardness results. More formally we consider the following problem:
Improper Twin k-Edge Coloring Input: A graph G with a clique of size k and a k-vertex coloring of G. Question: Is χ it (G) = χ(G)?
First, we notice that from the definition of Improper Twin k-Edge Coloring, an instance G has χ(G) = k and this is equal to the size of a largest clique of G. This problem is clearly in NP since, given a "yes" answer with an improper twin χ(G)-edge coloring of G, it takes linear time to check whether the χ(G)-vertex coloring induced by this improper edge coloring is proper. In addition, we will show in the sequel that the following problem, called All Odd Optimal k-Vertex Colorings is coNP-complete. This implies by Theorem 2.8 that Improper Twin k-Edge Coloring is NP-complete for k ≡ 2 (mod 4); indeed these are complementary problems in the sense that the answer is "yes" for one of them if and only if the answer is "no" for the other.
All Odd Optimal k-Vertex Colorings
Input: A graph G with a clique of size k and a k-vertex coloring of G. Question: Are all color classes of odd size in all χ(G)-vertex colorings of G?
We need the following result for our reduction: Lemma 3.1. Let J be the graph in Figure 2 (a) and consider a 3-vertex coloring of J with colors F, T and R where vertices x, y, z and X are colored either T or F . Then the following hold: (i) In any such 3-vertex coloring of J , where X is colored T , at least one among x, y, z should be colored T and among a 1 , a 2 , . . . , a 5 , there are 1T, 2F and 2R colors.
(ii) Similarly, in any such 3-vertex coloring of J , where X is colored F , at least one among x, y, z should be colored F and among a 1 , a 2 , . . . , a 5 , there are 1F, 2T and 2R colors.
Proof. We only prove statement (i) since (ii) is obtained similarly. Let f be a 3-vertex coloring of J , where f (X) = T and each one of f (x), f (y), f (z) is in {T, F }. Then at least one of x, y, z has color T , since otherwise (that is if all of x, y, z are colored F ) we necessarily have f (a 3 ) = F , implying c(a 4 ) = R. Now, a 5 has all three colors in its neighbourhood, hence it is impossible to color a 5 with one of the three colors T, F and R. Besides, f (X) = T implies that we have either c(a 5 ) = F, c(a 4 ) = R or c(a 5 ) = R, c(a 4 ) = F . In either case, among a 1 , a 2 , a 3 there are exactly one T , one F and one R. Therefore, there are in total exactly 1T, 2F and 2R colors among a 1 , a 2 , . . . , a 5 . Proof. First, All Odd Optimal k-Vertex Colorings is in coNP, since one can verify the correctness of a "no" certificate in linear time; in other words, given a k-vertex coloring with at least one color class of even size, one can check whether it is a vertex coloring using at most k colors and whether it contains a color class with even number of vertices. In the sequel, we show that 3-SAT can be polynomially reduced to the complement of All Odd Optimal k-Vertex Colorings with k = χ(G) = 3. Let I be an instance of 3-SAT with n variables and m clauses. We assume without loss of generality that n is even (if not, add a variable that appears in no clause). Consider a truth assignment (for instance where all variables are true) and let m T and m F be respectively the numbers of true and false clauses. Denote also by M T and M F the corresponding sets of clauses, respectively. Assume without loss of generality that both m T and m F are even (otherwise just double each clause in I). We construct an instance G of the complement of All Odd Optimal k-Vertex Colorings with k = χ(G) = 3 as follows (see Figure 2 (b) ). For every variable, consider an edge between vertices x i andx i representing the variable and its negation. Introduce two vertices X T and X F representing respectively clauses in M T and clauses in M F . For every clause, consider a clause gadget J as in Figure 2 (a) , whose x, y, z vertices are identified with the variable vertices representing the tree literals (variables or their negations) in the related clause, and whose X vertex is identified with X T if it is a clause in M T and with X F otherwise. Finally, add a vertex R adjacent to all variable vertices and to X T and X F . Clearly, this instance G can be constructed in polynomial time in the size of the 3-SAT instance I. Moreover, it is 3-vertex colorable; color vertex R by color R, X T by T and X F by F , color also all true literals by T and all false literals by F . Now, one can check that this 3-vertex coloring can be extended to the clause gadgets corresponding to clauses in M T for all possible cases with 1, 2 or 3 true literals per clause. Similarly, it can be extended to the clause gadgets corresponding to clauses in M F and thus having all variable vertices colored F . Indeed, the only 3-vertex coloring of the three literals and X T (or X F ) with colors T and F which can not be extended to a 3-vertex coloring of the clause gadget is when the three literals are all assigned the color F and X T is assigned T , or when the three literals are all assigned the color T and X F assigned F ; clearly, this never occurs in the 3-vertex coloring that we defined. Claim 3.3. Let I be a 3-SAT instance and G a graph constructed as described above. Then, I is satisfiable if and only if G has a 3-vertex coloring with X T , X F and variable vertices colored with T or F , where at least one color class has even size.
Proof. Consider a truth assignment satisfying all clauses of I. Then G can be 3-colored with T, F and R as follows. Color X T , X F and all vertices representing true literals by T . Color the vertex R by color R. Now, one can check that for all possible cases with 1, 2 or 3 true literals per clause, this coloring can be extended to a 3-vertex coloring of G. Moreover, by Lemma 3.1 and by the fact that in any such 3-vertex coloring of G there are exactly n variable vertices assigned color T , in this 3-vertex coloring there are in total n + m + 2 vertices colored by T , which is an even number (remind that n, m T and m F are even and m = m T + m F ). Now, consider a 3-vertex coloring f of G with X T , X F and all variable vertices are colored with T or F , where there is at least one color class of even size. Note that in any such 3-vertex coloring of G, there are n variable vertices of color T and n variable vertices of color F . If X T and X F are colored with different colors, say by T and F , respectively, then the numbers of occurrences of T, F and R are, respectively n + m T + 2m F + 1, n + m F + 2m T + 1 and 2m + 1, where m = m T + m F . The other case, where f (X T ) = F and f (X F ) = T yields the following numbers of occurrences for T, F and R, respectively: n + m F + 2m T + 1, n + m T + 2m F + 1 and 2m + 1. It can be seen that all these numbers are odd, a contradiction. Therefore f (X T ) = f (X F ), and, using Lemma 3.1, a truth assignment satisfying all clauses can be obtained by giving the value true to the literals having the same color as X T and X F .
Since 3-SAT is NP-complete [8] , deciding whether a given graph with a clique of size 3 and a 3-vertex coloring admits an optimal vertex coloring (with 3 colors) with at least one color class of even size is NP-complete. It follows that All Odd Optimal k-Vertex Colorings is coNP-complete for χ(G) = k = 3. The coNP-completeness of All Odd Optimal k-Vertex Colorings for χ(G) = k ≥ 3 is obtained simply by adding a clique of size k − 3 completely linked to the graph G in the above reduction; clearly, the k − 3 vertices of this clique should receive colors other than T, F and R and thus will not affect the above facts.
Let G be an instance of Improper Twin k-Edge Coloring such that k ≡ 2 (mod 4) (which can be checked in constant time). Now, it follows from Theorem 2.8 that the answer to All Odd Optimal k-Vertex Colorings for G is "yes" if and only if the answer to Improper Twin k-Edge Coloring is "no". In addition, we have already noticed that Improper Twin k-Edge Coloring is in NP. Therefore Improper Twin k-Edge Coloring and All Odd Optimal k-Vertex Colorings are complementary problems and Theorem 3.2 and Theorem 2.8 imply the following: The proof of Theorem 3.2 opens some natural questions about restricted hard and polynomial cases. We give first results in this direction that underline some open questions for future research. The first natural particular case is the class of graphs of bounded degree. The next proposition shows that, for any fixed k ≥ 3, All Odd Optimal k-Vertex Colorings is still hard in these graphs and consequently so does Improper Twin k-Edge Coloring if k ≥ 6, k ≡ 2 (mod 4). 
Proof. For the sake of simplicity we denote g(k) = k + √ k − 2 . We show that for k ≥ 3, All Odd Optimal k-Vertex Colorings polynomially reduces to the same problem in graphs of maximum degree at most g(k). Consider a graph G of maximum degree ∆ as an instance of All Odd Optimal k-Vertex Colorings for some k ≥ 3. If ∆ > g(k), then we use the following gadget to construct a graph G where the number of vertices of degree ∆ is one less (eventually 0) than in G and there is no vertex of larger degree, such that G is a yes-instance for All Odd Optimal k-Vertex Colorings if and only if G is.
vertices of S are (taking into account one possible edge of M ) of degree at most k − 1 +
. Since g(k) < ∆, G has one less vertex of degree ∆. Using the property of k-vertex colorings of H(p, ), every k-vertex coloring of G with x of color a can be transformed into a k-vertex coloring of G with S colored a and moreover, the number of vertices colored a is increased by s − 1 and the number of vertices in all other colors is increased by p. Conversely every k-vertex coloring of G with S colored a can be transformed into a k-vertex coloring of G with s − 1 vertices less colored a and all other color classes have p less vertices. Since p and s − 1 are both even, G is a yes-instance for All Odd Optimal k-Vertex Colorings if and only if G is.
The construction from G to G can be performed in polynomial time and by repeating it while there are still vertices of degree greater than g(k) we show that All Odd Optimal kVertex Colorings polynomially reduces to the same problem in graphs of maximum degree g(k). Theorem 2.8 allows to conclude the proof.
Note that the result of Proposition 3.5 for k = 3 could be obtained by using the gadgets H d , d ≥ 3, used in [8] , page 86; however this gadget cannot be (easily) generalized for larger k.
In particular, Proposition 3.5 for k = 3 and for k = 6 respectively implies that All Odd Optimal 3-Vertex Colorings is still coNP-complete in graphs of maximum degree 4 and Improper Twin 6-Edge Coloring is NP-complete in graphs of maximum degree 8. It leaves open the cases with lower degrees.
Polynomial time solvable cases
In this section we exhibit some graph classes for which the problems under consideration are polynomial. We will say that a vertex coloring is complete if all colors are maximal independent sets. Equivalently, it means that all colors appear in the closed neighborhood of every vertex.
Let us start with the following remark which will shed light on the forthcoming results. The first polynomial case below, compared to Proposition 3.5, emphasizes that, for bounded degree graphs, there is still a gap of value O( χ(G)) for the maximum degree between hard cases and polynomial cases. Proof. Consider a graph G of maximum degree k − 1, with k = χ(G). We distinguish three kinds of connected components of G: k-cliques (we denote by p their number), odd cycles of length at least 5 (we denote by q their number) and other components (we denote by r their number).
Using Brook's theorem [5] , all components that are neither a k-clique nor an odd cycle of length at least 5 are (k − 1)-vertex colorable. So, if r > 0, Remark 4.1 allows to conclude that G has a χ(G)-vertex coloring with at least one color class of even size. Odd cycles of size at least 5 are either (k − 1)-vertex colorable as well if k ≥ 4 or have a k-vertex coloring which is incomplete if k = 3 (one can ensure that one color is of size 1). In both cases, if q > 0, Remark 4.1 also ensures that G has a χ(G)-vertex coloring with at least one color of even size. The only case where all color classes are of odd size in all k-vertex colorings is if r + q = 0 and p is odd.
We recall that a graph is a split graph if its vertex set can be decomposed into a clique and an independent set. Also, a graph G is called perfect if every induced subgraph G of G has a (maximum) clique of size χ(G ). It is well known (see e.g. [9] ) that a split graph G can be decomposed into a maximum clique K and an independent set S. Since split graphs are perfect, we have |K| = χ(G). Proposition 4.3. Consider a split graph G decomposed into a maximum clique K of size k = χ(G) and an independent set S of size s. Then all color classes are of odd size in all k-vertex colorings if and only if every vertex in the independent set has degree (k − 1) and the degree of every vertex in the clique is of the opposite parity as the number of vertices (k + s).
Proof. Note first that if S = ∅, then the condition holds and in this case all color classes are singletons. Suppose now S = ∅. Using Remark 4.1, a necessary condition to have all color classes of odd size in all k-vertex colorings is that the degree of every vertex in S is equal to k − 1 (it cannot be more since K is a maximum clique). Then there is a unique k-vertex coloring (up to the permutation of colors); each color class has odd size if and only if every vertex in K is not adjacent to an even number of vertices in S. It follows that for every vertex x ∈ K the number of adjacent vertices in S is of the same parity as s; moreover, x is adjacent to all other k − 1 vertices in K, this is equivalent to the fact that the degree of x is of the opposite parity as the number of vertices (k + s).
A class of graphs is called hereditary if whenever a graph belongs to the class all its induced subgraphs also belong to it. Proof. For any graph G ∈ G, to decide whether G admits an optimal coloring with at least one color class including an even number of vertices, we proceed in two phases. First enumerate all maximal independent sets with an even number of vertices and test for each one whether the graph obtained by removing its vertices has chromatic number χ(G) − 1. If it is the case for at least one independent set of even size, then this independent set is a color of even size in at least one optimal vertex coloring. Else consider all maximal independent sets S 0 with odd number of vertices and for every x ∈ S 0 remove S 0 \ {x} and test whether the remaining graph has chromatic number χ(G) − 1. If it is the case for some S 0 , then there is also an optimal coloring with a color class of even size.
Suppose now that the two phases failed to find a coloring with an even color class. From the first phase, we know that every complete χ(G)-vertex coloring has all color classes of odd size. Note finally that, if there is an incomplete optimal coloring, then by transferring some vertices from other colors to a non-maximal color class we can construct an optimal coloring where one color is a maximal independent set minus one vertex. This color class cannot be of odd size if the first phase failed. If the second phase also failed, it cannot be of even size neither, and consequently all optimal colorings are complete and thus all color classes are of odd size in all optimal colorings. We conclude by Theorem 2.8.
A graph is chordal (or triangulated) if every cycle of size greater than 3 has a chord, that is an edge between two non consecutive vertices in the cycle. A graph is co-chordal if its complementary is chordal. It is known that in chordal graphs all maximal cliques can be computed with complexity O(|V | + |E|) ( [9] ). Since co-chordal graphs are perfect, Proposition 4.4 applies. We finally consider the class of co-comparability graphs that includes for instance interval graphs and permutation graphs (see [9] for definitions of these classes). A graph is a comparability graph if it has a transitive orientation of its edges, that is an orientation of edges such that, for every two adjacent edges xy and yz, if xy is oriented from x to y and yz is oriented from y to z, then xz is an edge and it is oriented from x to z. A graph is a co-comparability graph if its complement is a comparability graph. A co-comparability graph G = (V, E) has a co-comparability order that is an order of vertices x 1 , . . . , x n such that ∀a < b < c, if x a x b / ∈ E and x b x c / ∈ E, then x a x c / ∈ E [13] . For any k-vertex coloring (k ≥ χ(G)) we will call the type of this coloring the list [n 1 , . . . , n k ] of the sizes of the different colors (we may have n a = 0 for some a). Of course k a=1 n a = |V |. In order to avoid useless repetitions of types due to the order of colors, we systematically write a type with colors ordered in non-decreasing order of their size. The list of types allows immediately to detect all odd colorings and yields the following result using Theorem 2.8. These simple examples of polynomial cases allow us to underline some specific situations leading to a polynomial algorithm. These algorithms are all based on an enumeration of all possible color sizes. Cliques or connected bipartite graphs are uniquely colorable, which makes All Odd Optimal k-Vertex Colorings trivial. The case of split graphs also reduces to the case of a uniquely colorable graph. Proposition 4.4 exhibits a situation where we can exhaustively look for one of the colors while in the case of Proposition 4.6 the sizes of all color classes can be computed in polynomial time. Remark 4.1 gives a completely different approach that does not require the explicit values of the sizes of color classes. It would be very interesting to find other classes where similar approaches can be applied as well as cases inducing completely new methods.
In terms of graph classes, these examples underline open cases we leave for future research. Let us mention in particular the complexity in perfect graphs and in planar graphs as well as the case of interval graphs or permutation graphs with unbounded chromatic number.
